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Abstract—In recent years, complementary sequence sets have
found many important applications in multi-carrier code-division
multiple-access (MC-CDMA) systems for their good correlation
properties. In this paper, we propose a construction, which can
generate multiple sets of complete complementary codes (CCCs)
over ZN , where N (N ≥ 3) is a positive integer of the form
N = pe
0
0 p
e1
1 . . . p
en−1
n−1 , p0 < p1 < · · · < pn−1 are prime factors of
N and e0, e1, · · · , en−1 are non-negative integers. Interestingly,
the maximum inter-set aperiodic cross-correlation magnitude of
the proposed CCCs is upper bounded by N . When N is odd,
the combination of the proposed CCCs results to a new set
of sequences to obtain asymptotically optimal and near-optimal
aperiodic quasi-complementary sequence sets (QCSSs) with more
flexible parameters.
Index Terms—Complete complementary codes (CCCs), asymp-
totically optimal quasi-complementary sequence set (QCSSs),
maximum aperiodic cross-correlation magnitude, multi-carrier
code-division multiple-access (MC-CDMA).
I. INTRODUCTION
PERFECT complementary sequence set (PCSS) refers to aset of two-dimensional matrices with non-trivial autocor-
relations and cross-correlations sum to zero for any non-zero
time-shift. Such sequence sets have wide applications due to
their ideal correlation properties, such as reducing the peak-
to-average power ratio (PAPR) [1], channel estimation [2],
[3], RADAR waveform design [4], etc. However, PCSSs can
support only a limited number of users in multi-carrier code
division multiple access (MC-CDMA) systems since the set
size (i.e. the number of users) must not be larger than the
flock size (i.e. the number of channels) [5].
In search of sequence sets which can support a large number
of users in MC-CDMA systems, Liu et al. [16] initially
proposed low correlation zone complementary sequence set
(LCZ-CSS). Further Liu et al. [7] generalised the concept
and proposed quasi complementary sequence sets (QCSSs)
in 2013, which also includes Z-complementary sequence sets
(ZCSSs) [8]–[14]. A (K,M,N, δmax)- QCSS is a set of K
M×N sequence sets, where M denotes the flock size, and N
denotes the sequence length. δmax is the maximum periodic
or aperiodic correlation tolerance, depending on what we are
considering. When δmax = 0 and K ≤ M , QCSS becomes
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TABLE I: Parameters of asymptotically optimal aperiodic
QCSSs.
Ref. K M N δmax Alphabet Parameter constraint(s)
Th. 1 [24] s(s+ 1) s s s Zs s is power of prime.
Th. 3 [24] s2 s s− 1 s Zs s is power of prime and s ≥ 3.
Proposed N(p− 1)2 N N N ZN N = p is a prime number.
Proposed N(p0 − 1) N N N ZN
N = pe
0
0 p
e1
1 . . . p
en−1
n−1 ,
p0 ≥ 5, p0 < p1 < · · · < pn−1
are prime factors of N , p0 > 3.
PCSS. A PCSS is called a complete complementary code
(CCC), when K = M [7].
In 1974, Welch [15] derived a lower bound for the cor-
relation of sequences. Later in 2011, Liu et al. [16], [17]
tightened the lower bound for aperiodic QCSSs when the set
size K ≥ 3M . Liu et al. [18] further tightened the lower bound
for the cases of aperiodic QCSSs, when b
pi2M
4 c
M <
K
M < 3+
1
M
for sufficiently large N .
In [19], Liu et al. stated the construction of aperiodic
QCSSs, achieving the bounds proposed in [17], as a open
problem. Since then a lot of research have been going on, both
for periodic and aperiodic cases, for the construction of QCSSs
with various parameters and correlation properties. However,
most of the works, including [19], are related to periodic
QCSS. Constructions of asymptotically optimal and near-
optimal periodic QCSS based on difference sets and almost
difference sets were reported in [20] and [21], respectively. In
[22] and [23], Li et al. gave a construction of periodic QCSSs
based on characters over finite fields. To the best of the authors
knowledge, very few works are available in the literature
on the constructions of optimal (asymptotically) aperiodic
QCSSs. Working on this problem, recently in 2019 Li et al.
[24] proposed asymptotically optimal aperiodic QCSSs based
on low-correlation CSSs. In another work of Li et al. [25],
the authors proposed near-optimal aperiodic QCSS based on
multiple sets of CCCs.
The works on the construction of aperiodic QCSS reported
in [24] and [25] are all based on prime or power of prime
integers. The parameters of the asymptotically optimal and
near-optimal aperiodic QCSS are given in details in Table I
and Table II, respectively.
In search of aperiodic QCSS with more generalised pa-
rameters, we propose new permutation on ZN , where N =
pe
0
0 p
e1
1 . . . p
en−1
n−1 , p0 < p1 < · · · < pn−1 are prime factors of
N and e0, e1, · · · , en−1 are non-negative integers. Based on
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2TABLE II: Parameters of near-optimal aperiodic QCSSs.
Ref. K M N δmax Alphabet Parameter constraint(s)
[25] r(r − 1) r r r Zr r is an odd prime.
Proposed 2N N N N ZN
N = 3e
0
pe
1
1 . . . p
en−1
n−1 ,
N > 3, 3 < p1 < · · · < pn−1
are prime factors of N .
this new permutation, we generate multiple sets of (N,N,N)-
CCCs. Combining the proposed CCCs, we construct (N(p0−
1), N,N,N )- QCSS. Since for p0 ≥ 5, our proposed QCSS
satisfies the condition K ≥ 3M, M ≥ 2 and N ≥ 2, we
consider the correlation bound proposed by Liu et al. [17] to
check the optimality condition. Interestingly, all the proposed
CCCs have an inter-set cross correlation upper bounded by N .
Hence, all the proposed QCSSs are asymptotically optimal,
having the optimality factor ρ approximately 1. We also
propose a new set of permutations which generates multiple
sets of CCCs when N ≥ 3 is just a prime number. These CCCs
can also be combined to construct a (N(p0 − 1)2, N,N,N )-
QCSS. These QCSSs are also asymptotically optimal with
respect to the correlation bound proposed by Liu et al. [17].
For the cases when N > 3 and p0 = 3, we calculate the
optimality factor ρ, with the help of the Welch bound [15].
The proposed QCSSs are asymptotically near-optimal when
p0 = 3, with the value of optimality factor ρ approaching
towards 2, as shown in Table VII. Our construction is more
generalised as compared to [24] and [25], since N > 2 can
also be any odd number other than a prime or power of
prime. When N is prime, the proposed construction has better
optimality factor as compared to the results in [24], with much
larger set size. Till date, there is no systematic construction
of asymptotically optimal and near-optimal aperiodic QCSSs
over ZN , when N is not a prime or is not a power of prime
integer.
The rest of this paper is organized as follows. In Section II,
we introduce some correlation bounds of QCSS. In Section III,
we propose a new set of permutations, a new construction of
multiple sets of CCCs based on the new set of permutations,
also prove that all the sequence sets are cyclically distinct. In
Section IV, we obtain asymptotically optimal aperiodic QCSS
by combining these CCCs into a new set. In section V, we
make a comparison our work with the existing works in the
literature. We conclude our work in Section VI.
II. BOUNDS OF QCSS
In this section we recall some correlation bounds of QCSS.
Before that let us fix some notations which will be used
throughout the paper.
• N (N ≥ 3) is a positive integer such that N =
pe
0
0 p
e1
1 . . . p
en−1
n−1 , p0 < p1 < · · · < pn−1 are prime factors
of N and e0, e1, · · · , en−1 are non-negative integers.
• ZN denotes the ring of integers modulo N .
• ωN = e
2pii
N be a primitive N -th root of unity.
• Z∗N = {a : 1 ≤ a < N, gcd(a,N) = 1}.
• Z∗∗N = Z∗N \ {1}.
• φ ◦ ψ denotes the composition of functions φ and ψ.
• C denotes a set of two dimensional matrices of sequence
sets.
• C denotes a two dimensional matrix of sequences.
• C denotes a sequence or a row of a two dimensional
matrix of sequences.
Definition 1: Let u = (u0, u1, · · · , uN−1) and v =
(v0, v1, · · · , vN−1) denote two complex-valued sequences
with length N . The aperiodic correlation function between u
and v is defined as
R˜u,v(τ) =
{ ∑N−1−τ
t=0 utv
∗
t+τ , 0 ≤ τ ≤ N − 1∑N−1−τ
t=0 ut−τv
∗
τ , −N + 1 ≤ τ ≤ 0
(1)
where x∗ denotes the complex conjugation of a complex-
valued sequence x, and the addition t+τ is performed modulo
N .
Definition 2: Let C =
{C0, C1, · · · , CK−1} be a set of K
two-dimensional matrices of sequence sets, each of size M ×
N , i.e.,
Ck =

Ck0
Ck1
...
CkM−1

M×N
, 0 ≤ k ≤ K − 1, (2)
where the m-th row Ckm =
(
ckm,0, c
k
m,1, · · · , ckm,N−1
)
denotes
the m-th length-N constituent sequence, 0 ≤ m ≤M−1. The
set C is called a quasi-complementary sequence set (QCSS)
if for any Ck1 , Ck2 ∈ C, 0 ≤ k1, k2 ≤ K − 1, 0 ≤ τ ≤
N − 1, k1 6= k2 or 0 < τ ≤ N − 1, k1 = k2,
|R˜Ck1 ,Ck2 (τ)| =
∣∣∣∣∣
M−1∑
m=0
R˜
C
k1
m ,C
k2
m
(τ)
∣∣∣∣∣ ≤ δmax, (3)
where K is the set size, M is the size of each sequence
set, N is the length of constituent sequences, and δmax is
the maximum aperiodic cross-correlation magnitude of C. For
simplicity, the set C is denoted by (K,M,N, δmax)-QCSS.
Specially, we call C a (M,M,N, 0) ≡ (M,M,N)-CCC if
K = M and δmax = 0.
The following lemma gives a lower bound of δmax.
Lemma 1: [15] For an aperiodic quasi-complementary se-
quence set (K,M,N, δmax)-QCSS, the parameters satisfy:
δmax ≥MN ·
√ (
K
M − 1
)
K(2N − 1)− 1 . (4)
For K ≥ 3M , M ≥ 2 and N ≥ 2, Liu et al. [17] proposed
a tighter correlation bound for aperiodic QCSS, which is given
in the following lemma.
Lemma 2: [17] For an aperiodic quasi-complementary se-
quence set (K,M,N, δmax)-QCSS with K ≥ 3M , M ≥ 2
and N ≥ 2, we have
δmax ≥
√√√√MN (1− 2√M
3K
)
(5)
In this paper, for N prime or N ≥ 5 having the minimum
prime factor of N greater than 3, a QCSS is optimal if δmax
3achieves the lower bound in (5). Define the optimality factor
ρ as follows
ρ =
δmax√
MN
(
1− 2
√
M
3K
) . (6)
For the case when N > 3 and p0 = 3, the optimality factor ρ
is defined as follows
ρ =
δmax
MN ·
√
(KM−1)
K(2N−1)−1
. (7)
Note that ρ ≥ 1. A QCSS is optimal when ρ = 1 and near-
optimal if 1 < ρ ≤ 2.
III. MULTIPLE CCCS WITH LOW MAXIMUM INTER-SET
APERIODIC CROSS-CORRELATION MAGNITUDE
In this section, first we derive a set of conditions for a set of
permutations over ZN . Then we shall present a construction of
multiple CCCs with low maximum inter-set aperiodic cross-
correlation magnitude, based on that permutations. The main
idea behind the construction is inspired by the recent works
in [25] and [26]. It will be seen that the construction can lead
to new multiple CCCs with low maximum inter-set aperiodic
correlation magnitude.
Construction 1: Let N = p ≥ 3 be a prime number. Also, let
Π = {pia|1 ≤ a < p} be a set of permutations over ZN ,such
that the equation pia1(x+ b) = cpia2(x) (mod N), 1 ≤ a1 6=
a2 < p has only one solution for any given b ∈ ZN and
c ∈ Z∗∗N . Then for each a ∈ Z∗p, k ∈ Z∗N , m ∈ ZN , and
s ∈ ZN , define a function f (a,k,m)s from ZN to itself, where
f (a,k,m)s (t) = ks · pia(t) +mt (mod N). (8)
For each pair of (a, k) ∈ Z∗p × Z∗p, define a set
C(a,k) = {C(a,k,0), C(a,k,1), · · · , C(a,k,N−1)}, (9)
where
C(a,k,m)=

C
(a,k,m)
0
C
(a,k,m)
1
...
C
(a,k,m)
N−1
=

C
(a,k,m)
0,0 , C
(a,k,m)
0,1 , · · · , C(a,k,m)0,N−1
C
(a,k,m)
1,0 , C
(a,k,m)
1,1 , · · · , C(a,k,m)1,N−1
...
C
(a,k,m)
N−1,0 , C
(a,k,m)
N−1,1 , · · · , C(a,k,m)N−1,N−1

and
C
(a,k,m)
s,t = ω
f(a,k,m)s (t)
N for each 0 ≤ t ≤ N − 1.
For the sequence sets generated by Construction 1, we have
the following result.
Theorem 1: Let C(a,k), 1 ≤ a < p, 1 ≤ k < p, be the
multiple sequence sets generated by Construction 1 using the
function f (a,k,m)s : ZN → ZN , as defined in (8). Then,
1) Each sequence set C(a,k) is a (N,N,N)-CCC.
2) The inter-set cross-correlation between any two distinct
CCCs C(a1,k1) and C(a2,k2) is upper bounded by N ,
where (a1, k1) 6= (a2, k2). That is, for any a1, a2 (where
1 ≤ a1, a2 < p),
|
N∑
s=1
R˜
C
(a1,k1,m1)
s
,
C
(a2,k2,m2)
s
(τ)| ≤ N
for all 0 ≤ τ ≤ N − 1, k1 ∈ Z∗p, k2 ∈ Z∗p and 0 ≤
m1,m2 ≤ N − 1.
Proof: Please see Appendix A.
Lemma 4 presents a class of permutations which satisfy the
condition of Π in construction 1. But we need the following
lemma to prove Lemma 4.
Lemma 3: [26] Let ξ(x) = xe, where e is a positive integer
with gcd(r− 1, e) = 1. Then ξ is a permutation on Zr, where
r is any odd prime, such that the equation ξ(x + a) ≡ cξ(x)
(mod r) has only one solution in Zr for any a ∈ Zr and any
c ∈ Z∗∗r .
Lemma 4: For N be a prime number, Let us define a set of
functions on ZN as
Π = {pia|pia(t) = h(at), 1 ≤ a ≤ p− 1} (10)
where h(t) is a permutation over ZN defined as follows:
h(x) = xe, where gcd(e, p− 1) = 1, 1 < e < p− 1. (11)
Then the equation pia1(t+ τ) ≡ cpia2(t) has only one solution
in ZN for any τ ∈ ZN and any c ∈ Z∗∗N , where 1 ≤ a1 < p
and 1 ≤ a2 < p.
Proof: The proof is similar to Lemma 3.We have the
following cases to consider.
When a1 6= a2, c 6= 1, note that pia(t) = h(at) = (at)e, then
pia1(t+ τ) ≡ cpia2(t) (mod N) has the same solutions as the
equation
pia1(t+ τ)
pia2(t)
≡ a
e
1(t+ τ)
e
ae2t
e
≡ c (mod N)
which has a unique solution t = τa2
a1c
e−1 for any 1 ≤ a1, a2 ≤
p−1 and c ∈ ZN \{0, 1}. Similarly, when a1 6= a2, c = 1 ,we
obtain only one solution t = τa1
a2
−1 and for a1 = a2, c 6= 1
we get only one solution t = τ
c
1
e−1
.
From Theorem 1 and Lemma 4 we have the following
corollary.
Corollary 1: Let N be an odd prime and Π be a family of
permutations of ZN defined by
Π = {pia|pia(t) = h(at), 1 ≤ a ≤ p− 1} (12)
where h is a permutation over ZN , given in Lemma 4. Then,
the multiple sequence sets C(a,k), 1 ≤ a < p, 1 ≤ k <
p, generated by Construction 1 using the function f (a,k,m)s :
ZN → ZN , as defined in (8) have the following properties
1) Each sequence set C(a,k) is a (N,N,N)-CCC.
2) For any a1, a2 (where 1 ≤ a1, a2 < p),
|
N∑
s=1
R˜
C
(a1,k1,m1)
s
,
C
(a2,k2,m2)
s
(τ)| ≤ N for all 0 ≤ τ ≤
N − 1, k1 6= k2 ∈ Z∗p and 0 ≤ m1,m2 ≤ N − 1.
Example 1: Let N = 11 with h(t) = t3. Then Π =
{pia|pia(t) = (at)3, 1 ≤ a ≤ 10}. By Corollary 1, we get hun-
dred (11, 11, 11)-CCCs, C(1,1),C(1,2), . . . ,C(10,9),C(10,10).
4ψ : ZN → Zp0 × · · · × Zp0︸ ︷︷ ︸
e0 times
×Zp1 × · · · × Zp1︸ ︷︷ ︸
e1 times
× · · · × Zpn−1 × · · · × Zpn−1︸ ︷︷ ︸
en−1 times
,
defined by
ψ(i) = (i(0,p0), . . . , i(e0−1,p0), i(0,p1), . . . , i(e1−1,p1), . . . , i(0,pn−1), . . . , i(en−1−1,pn−1)) where i(k,pj) ∈ Zpj
and
i = pe0−10 p
e1
1 . . . p
en−1
n−1 i(0,p0) + p
e0−2
0 p
e1
1 . . . p
en−1
n−1 i(1,p0) + · · ·+ pe11 . . . pen−1n−1 i(e0−1,p0)+
pe1−11 p
e2
2 . . . p
en−1
n−1 i(0,p1) + · · ·+ pe22 . . . pen−1n−1 i(e1−1,p1) + · · ·+ pen−1−1n−1 i0,pn−1 + · · ·+ i(en−1−1,pn−1).
(13)
φ : Zp0 × · · · × Zp0︸ ︷︷ ︸
e0 times
×Zp1 × · · · × Zp1︸ ︷︷ ︸
e1 times
× · · · × Zpn−1 × · · · × Zpn−1︸ ︷︷ ︸
en−1 times
→ ZN ,
defined by
φ(ψ(i)) = pe0−10 p
e1
1 . . . p
en−1
n−1 i(0,p0) + p
e0−2
0 p
e1
1 . . . p
en−1
n−1 i(1,p0) + · · ·+ pe11 . . . pen−1n−1 i(e0−1,p0)+
pe1−11 p
e2
2 . . . p
en−1
n−1 i(0,p1) + · · ·+ pe22 . . . pen−1n−1 i(e1−1,p1) + · · ·+ pen−1−1n−1 i0,pn−1 + · · ·+ ξ(i(en−1−1,pn−1)),
where ξ is a permutation on Zpn−1 as given in Lemma 3.
(14)
The first three complementary sets of first two CCCs are
shown in Table III.
TABLE III: The first three complementary sets of first two
(11, 11, 11)- CCCs over Z11 in Example 1.
For a = 1 and k = 1
C(1,1,0) C(1,1,1) C(1,1,2)
0 0 0 0 0 0 0 0 0 0 0
0 1 8 5 9 4 7 2 6 3 10
0 2 5 10 7 8 3 4 1 6 9
0 3 2 4 5 1 10 6 7 9 8
0 4 10 9 3 5 6 8 2 1 7
0 5 7 3 1 9 2 10 8 4 6
0 6 4 8 10 2 9 1 3 7 5
0 7 1 2 8 6 5 3 9 10 4
0 8 9 7 6 10 1 5 4 2 3
0 9 6 1 4 3 8 7 10 5 2
0 10 3 6 2 7 4 9 5 8 1
0 1 2 3 4 5 6 7 8 9 10
0 2 10 8 2 9 2 9 3 1 9
0 3 7 2 0 2 9 0 9 4 8
0 4 4 7 9 6 5 2 4 7 7
0 5 1 1 7 10 1 4 10 10 6
0 6 9 6 5 3 8 6 5 2 5
0 7 6 0 3 7 4 8 0 5 4
0 8 3 5 1 0 0 10 6 8 3
0 9 0 10 10 4 7 1 1 0 2
0 10 8 4 8 8 3 3 7 3 1
0 0 5 9 6 1 10 5 2 6 0
0 2 4 6 8 10 1 3 5 7 9
0 3 1 0 6 3 8 5 0 10 8
0 4 9 5 4 7 4 7 6 2 7
0 5 6 10 2 0 0 9 1 5 6
0 6 3 4 0 4 7 0 7 8 5
0 7 0 9 9 8 3 2 2 0 4
0 8 8 3 7 1 10 4 8 3 3
0 9 5 8 5 5 6 6 3 6 2
0 10 2 2 3 9 2 8 9 9 1
0 0 10 7 1 2 9 10 4 1 0
0 1 7 1 10 6 5 1 10 4 10
For a = 1 and k = 2
C(1,2,0) C(1,2,1) C(1,2,2)
0 0 0 0 0 0 0 0 0 0 0
0 2 5 10 7 8 3 4 1 6 9
0 4 10 9 3 5 6 8 2 1 7
0 6 4 8 10 2 9 1 3 7 5
0 8 9 7 6 10 1 5 4 2 3
0 10 3 6 2 7 4 9 5 8 1
0 1 8 5 9 4 7 2 6 3 10
0 3 2 4 5 1 10 6 7 9 8
0 5 7 3 1 9 2 10 8 4 6
0 7 1 2 8 6 5 3 9 10 4
0 9 6 1 4 3 8 7 10 5 2
0 1 2 3 4 5 6 7 8 9 10
0 3 7 2 0 2 9 0 9 4 8
0 5 1 1 7 10 1 4 10 10 6
0 7 6 0 3 7 4 8 0 5 4
0 9 0 10 10 4 7 1 1 0 2
0 0 5 9 6 1 10 5 2 6 0
0 2 10 8 2 9 2 9 3 1 9
0 4 4 7 9 6 5 2 4 7 7
0 6 9 6 5 3 8 6 5 2 5
0 8 3 5 1 0 0 10 6 8 3
0 10 8 4 8 8 3 3 7 3 1
0 2 4 6 8 10 1 3 5 7 9
0 4 9 5 4 7 4 7 6 2 7
0 6 3 4 0 4 7 0 7 8 5
0 8 8 3 7 1 10 4 8 3 3
0 10 2 2 3 9 2 8 9 9 1
0 1 7 1 10 6 5 1 10 4 10
0 3 1 0 6 3 8 5 0 10 8
0 5 6 10 2 0 0 9 1 5 6
0 7 0 9 9 8 3 2 2 0 4
0 9 5 8 5 5 6 6 3 6 2
0 0 10 7 1 2 9 10 4 1 0
Next we will propose a construction when N is not a prime
number. Let N (N ≥ 3) is a odd positive integer such that
N = pe
0
0 p
e1
1 . . . p
en−1
n−1 , p0 < p1 < · · · < pn−1 are prime
factors of N and e0, e1, · · · , en−1 are non-negative integers.
For an integer i ∈ ZN , let us define one-to-one mappings ψ
and φ given in (13) and (14), respectively.
Then the permutation pi : ZN → ZN is given as pi = φ ◦ψ.
To illustrate the permutation pi on ZN let us have the
following example.
Example 2: Let us consider N = 15. Here p0 = 3 and p1 =
5. So any element i in Z15 can be written as i = 5i0+i1, where
i0 ∈ Z3 and i1 ∈ Z5. According to Lemma 3, let ξ : Z5 → Z5
be defined as ξ(x) = x3. Then ψ : Z15 → Z3 × Z5 is given
by ψ(x) = (i0, i1) where x = p1i0 + i1 = 5i0 + i1. φ : Z3 ×
Z5 → Z15 is given by φ(i0, i1) = p1i0 + ξ(i1) = 5i0 + ξ(i1).
Therefore, the permutation pi : Z15 → Z15 is given by pi(x) =
φ◦ψ(x). Z15 = [0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14] and
pi(Z15) = [0, 8, 4, 6, 2, 10, 3, 14, 1, 12, 5, 13, 9, 11, 7].
Lemma 5: Let pi(x) = φ ◦ ψ(x) be a permutation on
ZN , defined as above. Then the equation pi(x + τ) ≡ cpi(x)
(mod N) has only one solution in ZN for any τ ∈ Z∗N and
any c ∈ ZN \ {0, 1}.
Proof: We prove the above lemma assuming that N =
p0p1p2, where p0 < p1 < p2 are prime factors of N . Similar
proof can be given for the general case. Let τ = p1p2τ0 +
p2τ1 + τ2, where τj ∈ Zpj and
δij ,τj =
{
0, if ij + τj < pj
1, if ij + τj ≥ pj
(15)
When N = p0p1p2, pi(x) = p1p2i0+p2i1+ξ(i2) and pi(x+
τ) = p1p2(i0 + τ0 + δi1,τ1) + p2(i1 + τ1 + δi2,τ2) + ξ(i2 + τ2).
Then pi(x + τ) ≡ cpi(x) (mod N) has the same solutions as
the equation
p1p2(i0 + τ0 + δi1,τ1) + p2(i1 + τ1 + δi2,τ2) + ξ(i2 + τ2)
≡ c (p1p2i0 + p2i1 + ξ(i2)) (mod N).
(16)
Note that ξ(i2+τ2) ≡ cξ(i2) (mod N) has only one solution,
say i′2, in Zp2 according to Lemma 3. Similarly, we get unique
i′0 as
i′0 =
τ0 + δi1,τ1
c− 1 , (17)
and i′1 as
i′1 =
τ1 + δi2,τ2
c− 1 , (18)
5for which
p1p2(i0 + τ0 + δi1,τ1)− cp1p2i0 ≡ 0 (mod N), (19)
and
p2(i1 + τ1 + δi2,τ2)− cp2i1 ≡ 0 (mod N), (20)
respectively. Therefore, for this unique i′0, i
′
1 and i
′
2 we get a
unique x in ZN for which the statement of the theorem holds,
when c ∈ Z∗∗N .
Construction 2: Let N (N ≥ 3) is a odd positive integer
such that N = pe
0
0 p
e1
1 . . . p
en−1
n−1 , p0 < p1 < · · · < pn−1 are
prime factors of N , p0 > 3 and e0, e1, · · · , en−1 are non-
negative integers. Also, let pi be the permutation over ZN ,
defined above. Then for each k ∈ Z∗N , m ∈ ZN , and s ∈ ZN ,
define a function f (a,k,m)s from ZN to itself, where
f (k,m)s (t) = ks · pi(t) +mt (mod N). (21)
For each k ∈ Z∗p0 , define a set
Ck = {C(k,0), C(k,1), · · · , C(k,N−1)}, (22)
where
C(k,m)=

C
(k,m)
0
C
(k,m)
1
...
C
(k,m)
N−1
=

C
(k,m)
0,0 , C
(k,m)
0,1 , · · · , C(k,m)0,N−1
C
(k,m)
1,0 , C
(k,m)
1,1 , · · · , C(k,m)1,N−1
...
C
(k,m)
N−1,0, C
(k,m)
N−1,1, · · · , C(k,m)N−1,N−1

and
C
(k,m)
s,t = ω
f(k,m)s (t)
N for each 0 ≤ t ≤ N − 1.
For the sequence sets generated by Construction 2, we have
the following result.
Theorem 2: Let Ck, 1 ≤ k < p, be the multiple sequence
sets generated by Construction 2 using the function f (k,m)s :
ZN → ZN , as defined in (21). Then,
1) Each sequence set Ck is a (N,N,N)-CCC.
2) The inter-set cross-correlation between any two distinct
CCCs Ck1 and Ck2 is upper bounded by N , where k1 6=
k2. That is,
|
N∑
s=1
R˜
C
(k1,m1)
s
,
C
(k2,m2)
s
(τ)| ≤ N
for all 0 ≤ τ ≤ N−1, k1 6= k2 ∈ Z∗p and 0 ≤ m1,m2 ≤
N − 1.
Proof: The proof is similar to Theorem 1.
Example 3: Let N = 35 with p0 = 5 and p1 = 7. Define
ξ : Z7 → Z7 as ξ(x) = x5, a permutation over Z7. Then
pi = φ ◦ ψ(x) = 7i0 + ξ(i1). By Theorem 2, we get four
(35, 35, 35)-CCCs, C1,C2,C3,C4. The first complementary set
of first two CCCs are shown in Table IV.
In the following section, we propose a construction of
asymptotically optimal aperiodic QCSSs.
TABLE IV: The first complementary set of C1 and C2 of
Example 3.
C(1,0)
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 32 33 9 10 6 7 8 4 5 16 17 13 14 15 11 12 23 24 20 21 22 18 19 30 31 27 28 29 25 26 2 3 34
0 2 29 31 18 20 12 14 16 8 10 32 34 26 28 30 22 24 11 13 5 7 9 1 3 25 27 19 21 23 15 17 4 6 33
0 3 26 29 27 30 18 21 24 12 15 13 16 4 7 10 33 1 34 2 25 28 31 19 22 20 23 11 14 17 5 8 6 9 32
0 4 23 27 1 5 24 28 32 16 20 29 33 17 21 25 9 13 22 26 10 14 18 2 6 15 19 3 7 11 30 34 8 12 31
0 5 20 25 10 15 30 0 5 20 25 10 15 30 0 5 20 25 10 15 30 0 5 20 25 10 15 30 0 5 20 25 10 15 30
0 6 17 23 19 25 1 7 13 24 30 26 32 8 14 20 31 2 33 4 15 21 27 3 9 5 11 22 28 34 10 16 12 18 29
0 7 14 21 28 0 7 14 21 28 0 7 14 21 28 0 7 14 21 28 0 7 14 21 28 0 7 14 21 28 0 7 14 21 28
0 8 11 19 2 10 13 21 29 32 5 23 31 34 7 15 18 26 9 17 20 28 1 4 12 30 3 6 14 22 25 33 16 24 27
0 9 8 17 11 20 19 28 2 1 10 4 13 12 21 30 29 3 32 6 5 14 23 22 31 25 34 33 7 16 15 24 18 27 26
0 10 5 15 20 30 25 0 10 5 15 20 30 25 0 10 5 15 20 30 25 0 10 5 15 20 30 25 0 10 5 15 20 30 25
0 11 2 13 29 5 31 7 18 9 20 1 12 3 14 25 16 27 8 19 10 21 32 23 34 15 26 17 28 4 30 6 22 33 24
0 12 34 11 3 15 2 14 26 13 25 17 29 16 28 5 27 4 31 8 30 7 19 6 18 10 22 9 21 33 20 32 24 1 23
0 13 31 9 12 25 8 21 34 17 30 33 11 29 7 20 3 16 19 32 15 28 6 24 2 5 18 1 14 27 10 23 26 4 22
0 14 28 7 21 0 14 28 7 21 0 14 28 7 21 0 14 28 7 21 0 14 28 7 21 0 14 28 7 21 0 14 28 7 21
0 15 25 5 30 10 20 0 15 25 5 30 10 20 0 15 25 5 30 10 20 0 15 25 5 30 10 20 0 15 25 5 30 10 20
0 16 22 3 4 20 26 7 23 29 10 11 27 33 14 30 1 17 18 34 5 21 2 8 24 25 6 12 28 9 15 31 32 13 19
0 17 19 1 13 30 32 14 31 33 15 27 9 11 28 10 12 29 6 23 25 7 24 26 8 20 2 4 21 3 5 22 34 16 18
0 18 16 34 22 5 3 21 4 2 20 8 26 24 7 25 23 6 29 12 10 28 11 9 27 15 33 31 14 32 30 13 1 19 17
0 19 13 32 31 15 9 28 12 6 25 24 8 2 21 5 34 18 17 1 30 14 33 27 11 10 29 23 7 26 20 4 3 22 16
0 20 10 30 5 25 15 0 20 10 30 5 25 15 0 20 10 30 5 25 15 0 20 10 30 5 25 15 0 20 10 30 5 25 15
0 21 7 28 14 0 21 7 28 14 0 21 7 28 14 0 21 7 28 14 0 21 7 28 14 0 21 7 28 14 0 21 7 28 14
0 22 4 26 23 10 27 14 1 18 5 2 24 6 28 15 32 19 16 3 20 7 29 11 33 30 17 34 21 8 25 12 9 31 13
0 23 1 24 32 20 33 21 9 22 10 18 6 19 7 30 8 31 4 27 5 28 16 29 17 25 13 26 14 2 15 3 11 34 12
0 24 33 22 6 30 4 28 17 26 15 34 23 32 21 10 19 8 27 16 25 14 3 12 1 20 9 18 7 31 5 29 13 2 11
0 25 30 20 15 5 10 0 25 30 20 15 5 10 0 25 30 20 15 5 10 0 25 30 20 15 5 10 0 25 30 20 15 5 10
0 26 27 18 24 15 16 7 33 34 25 31 22 23 14 5 6 32 3 29 30 21 12 13 4 10 1 2 28 19 20 11 17 8 9
0 27 24 16 33 25 22 14 6 3 30 12 4 1 28 20 17 9 26 18 15 7 34 31 23 5 32 29 21 13 10 2 19 11 8
0 28 21 14 7 0 28 21 14 7 0 28 21 14 7 0 28 21 14 7 0 28 21 14 7 0 28 21 14 7 0 28 21 14 7
0 29 18 12 16 10 34 28 22 11 5 9 3 27 21 15 4 33 2 31 20 14 8 32 26 30 24 13 7 1 25 19 23 17 6
0 30 15 10 25 20 5 0 30 15 10 25 20 5 0 30 15 10 25 20 5 0 30 15 10 25 20 5 0 30 15 10 25 20 5
0 31 12 8 34 30 11 7 3 19 15 6 2 18 14 10 26 22 13 9 25 21 17 33 29 20 16 32 28 24 5 1 27 23 4
0 32 9 6 8 5 17 14 11 23 20 22 19 31 28 25 2 34 1 33 10 7 4 16 13 15 12 24 21 18 30 27 29 26 3
0 33 6 4 17 15 23 21 19 27 25 3 1 9 7 5 13 11 24 22 30 28 26 34 32 10 8 16 14 12 20 18 31 29 2
0 34 3 2 26 25 29 28 27 31 30 19 18 22 21 20 24 23 12 11 15 14 13 17 16 5 4 8 7 6 10 9 33 32 1
C(2,0)
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 2 29 31 18 20 12 14 16 8 10 32 34 26 28 30 22 24 11 13 5 7 9 1 3 25 27 19 21 23 15 17 4 6 33
0 4 23 27 1 5 24 28 32 16 20 29 33 17 21 25 9 13 22 26 10 14 18 2 6 15 19 3 7 11 30 34 8 12 31
0 6 17 23 19 25 1 7 13 24 30 26 32 8 14 20 31 2 33 4 15 21 27 3 9 5 11 22 28 34 10 16 12 18 29
0 8 11 19 2 10 13 21 29 32 5 23 31 34 7 15 18 26 9 17 20 28 1 4 12 30 3 6 14 22 25 33 16 24 27
0 10 5 15 20 30 25 0 10 5 15 20 30 25 0 10 5 15 20 30 25 0 10 5 15 20 30 25 0 10 5 15 20 30 25
0 12 34 11 3 15 2 14 26 13 25 17 29 16 28 5 27 4 31 8 30 7 19 6 18 10 22 9 21 33 20 32 24 1 23
0 14 28 7 21 0 14 28 7 21 0 14 28 7 21 0 14 28 7 21 0 14 28 7 21 0 14 28 7 21 0 14 28 7 21
0 16 22 3 4 20 26 7 23 29 10 11 27 33 14 30 1 17 18 34 5 21 2 8 24 25 6 12 28 9 15 31 32 13 19
0 18 16 34 22 5 3 21 4 2 20 8 26 24 7 25 23 6 29 12 10 28 11 9 27 15 33 31 14 32 30 13 1 19 17
0 20 10 30 5 25 15 0 20 10 30 5 25 15 0 20 10 30 5 25 15 0 20 10 30 5 25 15 0 20 10 30 5 25 15
0 22 4 26 23 10 27 14 1 18 5 2 24 6 28 15 32 19 16 3 20 7 29 11 33 30 17 34 21 8 25 12 9 31 13
0 24 33 22 6 30 4 28 17 26 15 34 23 32 21 10 19 8 27 16 25 14 3 12 1 20 9 18 7 31 5 29 13 2 11
0 26 27 18 24 15 16 7 33 34 25 31 22 23 14 5 6 32 3 29 30 21 12 13 4 10 1 2 28 19 20 11 17 8 9
0 28 21 14 7 0 28 21 14 7 0 28 21 14 7 0 28 21 14 7 0 28 21 14 7 0 28 21 14 7 0 28 21 14 7
0 30 15 10 25 20 5 0 30 15 10 25 20 5 0 30 15 10 25 20 5 0 30 15 10 25 20 5 0 30 15 10 25 20 5
0 32 9 6 8 5 17 14 11 23 20 22 19 31 28 25 2 34 1 33 10 7 4 16 13 15 12 24 21 18 30 27 29 26 3
0 34 3 2 26 25 29 28 27 31 30 19 18 22 21 20 24 23 12 11 15 14 13 17 16 5 4 8 7 6 10 9 33 32 1
0 1 32 33 9 10 6 7 8 4 5 16 17 13 14 15 11 12 23 24 20 21 22 18 19 30 31 27 28 29 25 26 2 3 34
0 3 26 29 27 30 18 21 24 12 15 13 16 4 7 10 33 1 34 2 25 28 31 19 22 20 23 11 14 17 5 8 6 9 32
0 5 20 25 10 15 30 0 5 20 25 10 15 30 0 5 20 25 10 15 30 0 5 20 25 10 15 30 0 5 20 25 10 15 30
0 7 14 21 28 0 7 14 21 28 0 7 14 21 28 0 7 14 21 28 0 7 14 21 28 0 7 14 21 28 0 7 14 21 28
0 9 8 17 11 20 19 28 2 1 10 4 13 12 21 30 29 3 32 6 5 14 23 22 31 25 34 33 7 16 15 24 18 27 26
0 11 2 13 29 5 31 7 18 9 20 1 12 3 14 25 16 27 8 19 10 21 32 23 34 15 26 17 28 4 30 6 22 33 24
0 13 31 9 12 25 8 21 34 17 30 33 11 29 7 20 3 16 19 32 15 28 6 24 2 5 18 1 14 27 10 23 26 4 22
0 15 25 5 30 10 20 0 15 25 5 30 10 20 0 15 25 5 30 10 20 0 15 25 5 30 10 20 0 15 25 5 30 10 20
0 17 19 1 13 30 32 14 31 33 15 27 9 11 28 10 12 29 6 23 25 7 24 26 8 20 2 4 21 3 5 22 34 16 18
0 19 13 32 31 15 9 28 12 6 25 24 8 2 21 5 34 18 17 1 30 14 33 27 11 10 29 23 7 26 20 4 3 22 16
0 21 7 28 14 0 21 7 28 14 0 21 7 28 14 0 21 7 28 14 0 21 7 28 14 0 21 7 28 14 0 21 7 28 14
0 23 1 24 32 20 33 21 9 22 10 18 6 19 7 30 8 31 4 27 5 28 16 29 17 25 13 26 14 2 15 3 11 34 12
0 25 30 20 15 5 10 0 25 30 20 15 5 10 0 25 30 20 15 5 10 0 25 30 20 15 5 10 0 25 30 20 15 5 10
0 27 24 16 33 25 22 14 6 3 30 12 4 1 28 20 17 9 26 18 15 7 34 31 23 5 32 29 21 13 10 2 19 11 8
0 29 18 12 16 10 34 28 22 11 5 9 3 27 21 15 4 33 2 31 20 14 8 32 26 30 24 13 7 1 25 19 23 17 6
0 31 12 8 34 30 11 7 3 19 15 6 2 18 14 10 26 22 13 9 25 21 17 33 29 20 16 32 28 24 5 1 27 23 4
0 33 6 4 17 15 23 21 19 27 25 3 1 9 7 5 13 11 24 22 30 28 26 34 32 10 8 16 14 12 20 18 31 29 2
IV. PROPOSED CONSTRUCTION OF ASYMPTOTICALLY
OPTIMAL QCSSS
In this section, from multiple CCCs with low maximum ape-
riodic cross-correlation magnitude, we will obtain an aperiodic
asymptotically optimal and near-optimal QCSS by combining
these complementary sequence sets together, as shown in the
following theorem and corollaries.
Theorem 3: Let N ≥ 3 be a prime number and
C(a,k) for 1 ≤ a < p, 1 ≤ k < p be generated according
to Theorem 1. Also, let C = C(1,1) ∪C(1,2) ∪ · · · ∪C(p−1,p−1),
then the sequence set C is an asymptotically optimal aperiodic
(N(p− 1)2, N,N,N)-QCSS.
Proof: According to Theorem 1, each sequence set C(a,k),
is a (N,N,N)-CCC for each pair (a, k) where 1 ≤ a <
p, 1 ≤ k < p, and the maximum aperiodic cross-correlation
amplitude is N . Then C is an aperiodic (K,M,N, δmax)-
QCSS, where K = N(p − 1)2, M = N, N = N, δmax =
max{0, N} = N.
The optimality factor of (N(p− 1)2, N,N,N)-QCSS is
ρ = lim
p→+∞
N√
N2(1− 2
√
N
3N(p−1)2 )
= lim
p→+∞
1√
1− 2√
3(p−1)
= 1.
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Fig. 1: A glimpse of correlation magnitudes of the QCSS in
Example 4.
TABLE V: The comparison when N = r, r is prime.
Alphabet M N K Kprev ρ ρmin prev
Z3 3 3 12 12 1.5382 1.5382
Z5 5 5 80 30 1.1857 1.3754
Z7 7 7 252 56 1.1128 1.3000
Z11 11 11 1100 132 1.0633 1.2247
Z13 13 13 1872 182 1.0519 1.2026
Z17 17 17 4352 306 1.0382 1.1722
Z19 19 19 6156 380 1.0337 1.1611
Z23 23 23 11132 552 1.0273 1.1438
Z29 29 29 22736 870 1.0213 1.1257
Z31 31 31 27900 992 1.0198 1.1209
Z37 37 37 47952 1406 1.0164 1.1093
Z41 41 41 65600 1722 1.0148 1.1031
Z43 43 43 75852 1892 1.0140 1.1003
Z47 47 47 99452 2256 1.0128 1.0954
Z53 53 53 143312 2862 1.0113 1.0892
Z59 59 59 198476 3540 1.0101 1.0841
Z61 61 61 219600 3782 1.0098 1.0825
Z67 67 67 291852 4556 1.0089 1.0783
Z71 71 71 347900 5112 1.0084 1.0759
Z73 73 73 378432 5402 1.0081 1.0747
Z79 79 79 480636 6320 1.0075 1.0716
Z83 83 83 558092 6972 1.0071 1.0696
Z89 89 89 689216 8010 1.0066 1.0670
Z97 97 97 893952 9506 1.0061 1.0640
Example 4: The hundred (11, 11, 11)-CCCs generated in
Example 1, has a inter-set aperiodic cross-correlation magni-
tude, upper-bounded by 11. Therefore, C(1,1) ∪ C(1,2) ∪ · · · ∪
C(10,10) forms an asymptotically optimal (1100, 11, 11, 11)-
QCSS, with optimality factor ρ = 1.0633.
Based on Theorem 3, a list of parameters of asymptotically
optimal aperiodic QCSSs are given in Table V.
Corollary 2: Let N (N ≥ 5) is a odd positive integer such
that N = pe
0
0 p
e1
1 . . . p
en−1
n−1 , p0 < p1 < · · · < pn−1 are prime
factors of N and e0, e1, · · · , en−1 are non-negative integers.
TABLE VI: The parameters of asymptotically optimal
aperiodic QCSSs.
Alphabet K M N ρ
Z5∗7 140 35 35 1.5382
Z7∗11 462 77 77 1.3754
Z11∗13 1430 143 143 1.2551
Z13∗17 2652 221 221 1.2247
Z17∗19 5168 323 323 1.1857
Z19∗23 7866 437 437 1.1722
Z23∗31 15686 713 713 1.1518
Z31∗37 34410 1147 1147 1.1257
Z37∗41 54612 1517 1517 1.1128
Z41∗43 70520 1763 1763 1.1061
Z43∗47 84882 2021 2021 1.1031
Z53∗59 162604 3127 3127 1.0912
Z61∗67 245220 4087 4087 1.0841
Z67∗71 313962 4757 4757 1.0797
Z71∗73 362810 5183 5183 1.0771
Z73∗79 415224 5767 5767 1.0759
Z79∗83 511446 6557 6557 1.0726
Z83∗89 605734 7387 7387 1.0706
Z89∗97 759704 8633 8633 1.0679
Also, let Ck for 1 ≤ k < p0 be generated according to Theo-
rem 2 and C = C1 ∪C2 ∪ · · · ∪Cp0−1, then the sequence set C
is an asymptotically optimal aperiodic (N(p0− 1), N,N,N)-
QCSS.
Proof: The proof is similar to Theorem 3. The optimality
factor of (N(p0 − 1), N,N,N)-QCSS is
ρ = lim
p0→+∞
N√
N2(1− 2
√
N
3N(p0−1) )
= lim
p0→+∞
1√
1− 2√
3(p0−1)
= 1.
(24)
Hence, C is an asymptotically optimal aperiodic QCSS.
Based on Corollary 2, a list of parameters of asymptotically
optimal aperiodic QCSSs are given in Table VI.
Corollary 3: Let N (N ≥ 3) is a odd positive integer
such that N = pe
0
0 p
e1
1 . . . p
en−1
n−1 , p0 < p1 < · · · < pn−1 are
prime factors of N , p0 = 3 and e0, e1, · · · , en−1 are non-
negative integers. Also, let Ck for 1 ≤ k < p0 be generated
according to Theorem 2 and C = C1 ∪ C2 ∪ · · · ∪ Cp0−1, then
the sequence set C is an asymptotically near-optimal aperiodic
(2N,N,N,N)-QCSS.
Proof: The proof is similar to Theorem 3. However, in
this case we will use the Welch bound, given in Lemma
1, since K  3M . Therefore, the optimality factor of
7TABLE VII: The parameters of near optimal aperiodic
QCSSs.
Alphabet K M N ρ
Z3∗5 30 15 15 1.9653
Z3∗7 42 21 21 1.9755
Z3∗11 66 33 33 1.9846
Z3∗5∗7 210 105 105 1.9952
Z3∗5∗11 330 165 165 1.9970
Z3∗5∗7∗11 2310 1155 1155 1.9996
Z3∗5∗7∗11∗13 30030 15015 15015 2.0000
Z3∗5∗7∗11∗13∗17 510510 255255 255255 2.0000
(2N,N,N,N)-QCSS is
ρ = lim
N→+∞
N
N2
√
( 2NN −1)
2N(2N−1)−1
= lim
N→+∞
1√
N2
4N2−2N−1
= lim
N→+∞
√
4− 2
N
− 1
N2
= 2.
(25)
Based on Corollary 3, a list of parameters of asymptotically
near-optimal aperiodic QCSSs are given in Table VII.
In the following section, we compare our proposed con-
structions with the previous works.
V. COMPARISON WITH PREVIOUS WORKS
We compare the optimality factor for the asymptotically
optimal QCSS with the results reported in [24]. We have
taken the minimum of all the optimality factors we can get
from the previous works reported in [24], for each alphabet
size, whenever it is possible, and denoted it by ρmin prev
for the comparison. Kprev and Nprev denotes the set size
and length of each constituent sequence, respectively, of the
QCSS, corresponding to the optimality factor ρmin prev . Our
construction is different from [24] in following ways
1) Our proposed construction can generate asymptotically
optimal QCSS with more flexible parameters which are
not covered by the results proposed in [24]. For example,
the asymptotically optimal QCSS, given in Table VI, can
only be constructed by our construction till date.
2) The constructions of asymptotically optimal QCSSs
reported in [24] are based on the construction of low
correlation CSS, whereas our construction is based on
multiple sets of CCCs.
3) Although for the case when N is a prime number, previ-
ous constructions have reported asymptotically optimal
aperiodic QCSS, compared to the previous construc-
tions, our proposed construction can generate QCSS
with larger set size and lower optimality factor. In
Table V we have listed down the parameters of the
asymptotically optimal QCSS, where the alphabet size
3 ≤ p < 100 is odd prime, as example, to show
that our proposed QCSS, have a lower optimality factor
compared to the previously reported results.
4) To have an unbiased comparison, we have also compared
the cases when N is a power of prime. In these cases,
our set size is less than the previous results reported in
[24]. However, we obtain almost same optimality factor
to that of the QCSS generated by the previous result
reported in [24]. In Table VIII we have listed down some
cases, as example.
5) Our proposed construction can generate asymptotically
near-optimal QCSS with more flexible parameters which
are not covered by the results proposed in [25]. For
example, the asymptotically optimal QCSS, given in
Table VII, can only be constructed by our construction
till date.
TABLE VIII: The comparison when N = r2, r is prime.
Alphabet M N Nprev K Kprev ρ ρmin prev
Z11∗11 121 121 120 1210 14641 1.2551 1.0614
Z13∗13 169 169 168 2028 28561 1.2247 1.0507
Z17∗17 289 289 280 4624 83521 1.1857 1.0376
Z19∗19 361 361 360 6498 130321 1.1722 1.0333
Z23∗23 529 529 520 11638 279841 1.1518 1.0271
Z29∗29 841 841 840 23548 707281 1.1310 1.0211
Z31∗31 961 961 960 28830 923521 1.1257 1.0197
Z37∗37 1369 1369 1360 49284 1874161 1.1128 1.0164
Z41∗41 1681 1681 1680 67240 2825761 1.1061 1.0147
Z43∗43 1849 1849 1848 77658 3418801 1.1031 1.0140
Z47∗47 2209 2209 2208 101614 4879681 1.0978 1.0127
VI. CONCLUSION
In this paper, we have proposed a new set of permutations
on ZN , where N is prime number. Using this permutation
we have proposed a construction of asymptotically optimal
(N(p − 1)2, N,N,N)- QCSS. This hugely increases the set
size of the QCSS over prime alphabets as compared to the
previous works. We then generalise the parameter N to a
composite number of the form N (N ≥ 5) is a positive integer
such that N = pe
0
0 p
e1
1 . . . p
en−1
n−1 , p0 < p1 < · · · < pn−1 are
prime factors of N , p0 > 3 and e0, e1, · · · , en−1 are non-
negative integers. We have proposed a new permutation on
ZN and used that to construct new sets of asymptotically
optimal (N(p0 − 1), N,N,N)- QCSS. We also consider the
cases when N is a composite odd number and has a prime
factor 3. In this case we propose near-optimal QCSS with
parameters (2N,N,N,N). Finally, we compare our proposed
work with the previous works and shown that the parameters
of the proposed QCSS are much more flexible as compared to
the parameters of the QCSS, reported before. An interesting
future work will be to design QCSSs over ZN , when N is a
composite number having prime factor 3.
APPENDIX A
PROOF OF THEOREM 1
Let us prove the first part. Let C(a,k,m1), C(a,k,m2) ∈ C(a,k),
where 0 ≤ m1,m2 ≤ N−1 and f (a,k,m)s (t) follows (8). Then
the aperiodic correlation of C(a,k,m1) and C(a,k,m2) is
8N−1∑
s=0
R˜
C
(a,k,m1)
s ,C
(a,k,m2)
s
(τ)
=
N−1∑
s=0
N−1−τ∑
t=0
C
(a,k,m1)
s,t ·
(
C
(a,k,m2)
s,t+τ
)∗
=
N−1∑
s=0
N−1−τ∑
t=0
ω
f(a,k,m1)s (t)
N · ωN−f
(a,k,m2)
s (t+τ)
=
N−1∑
s=0
N−1−τ∑
t=0
ω
ks(pia(t)−pia(t+τ))+t(m1−m2)−m2τ
N .
(26)
We have the following four cases to consider.
Case 1: When m1 = m2, τ = 0. We have
N−1∑
s=0
R˜
C
(a,k,m1)
s ,C
(a,k,m2)
s
(0) = N2. (27)
Case 2: When m1 = m2, 1 ≤ τ ≤ N − 1.
N−1∑
s=0
R˜
C
(a,k,m1)
s ,C
(a,k,m2)
s
(τ)
=
N−1∑
s=0
N−1−τ∑
t=0
ω−m2τN · ωks(pia(t)−pia(t+τ))N
= ω−m2τN ·
N−1−τ∑
t=0
N−1∑
s=0
ω
ks(pia(t)−pia(t+τ))
N = 0.
(28)
Since pia(t) is a permutation on ZN and τ 6= 0,
pia(t) 6= pia(t+ τ), therefore the last identity holds.
Case 3: When m1 6= m2, τ = 0.
N−1∑
s=0
R˜
C
(a,k,m1)
s ,C
(a,k,m2)
s
(0) =
N−1∑
s=0
N−1∑
t=0
ω
t(m1−m2)
N = 0.
(29)
Case 4: When m1 6= m2, 1 ≤ τ ≤ N − 1.
N−1∑
s=0
R˜
C
(a,k,m1)
s ,C
(a,k,m2)
s
(τ)
=
N−1−τ∑
t=0
ω
t·(m1−m2)−m2τ
N ·
N−1∑
s=0
ω
k(pia(t)−pia(t+τ))·s
N = 0.
(30)
The four cases above illustrate that each sequence set C(a,k)
is a (N,N,N)-CCC.
We now prove the second part. Let us consider C(a1,k1,m1) ∈
C(a1,k1) and C(a2,k2,m2) ∈ C(a2,k2). Then the aperiodic corre-
lation of C(a1,k1,m1) and C(a2,k2,m2) is
N−1∑
s=0
R˜
C
(a1,k1,m1)
s ,C
(a2,k2,m2)
s
(τ)
=
N−1∑
s=0
N−1−τ∑
t=0
ω
f(a1,k1,m1)s (t)
N · ω−f
(a2,k2,m2)
s (t+τ)
N
=
N−1∑
s=0
N−1−τ∑
t=0
ω
t(m2−m1)+m2τ+s(k2pia2 (t+τ)−k1pia1 (t))
N
=
N−1−τ∑
t=0
ω
t(m2−m1)+m2τ
N ·
N−1∑
s=0
ω
s(k2pia2 (t+τ)−k1pia1 (t))
N .
(31)
Recall from our assumption in Construction 1, k1pia1(t)−
k2pia2(t+τ) = 0 (mod N) for any 0 ≤ τ ≤ N−1, (a1, k1) 6=
(a2, k2) has only one solution. Therefore, for 0 ≤ t′ ≤ N − 1
and k1pia1(t
′) − k2pia2(t′ + τ) = 0 (mod N). If N − 1 ≥
t′ ≥ N − τ , then
N−1∑
s=0
R˜
C
(a1,k1,m1)
s ,C
(a2,k2,m2)
s (τ)
= 0 due to
N−1∑
s=0
ω
s(k2pia2 (t+τ)−k1pia1 (t))
N = 0. For 0 ≤ t′ ≤ N −1− τ , we
have
N−1∑
s=0
R˜
C
(a1,k1,m1)
s ,C
(a2,k2,m2)
s
(τ)
= ωm2τN · [ω(m2−m1)·t
′
N ·N+∑
0≤t≤N−1−τ,
t 6=t′
ω
(m1−m2)t
N
∑
0≤s≤N−1
ω
(k2pia2(t+τ)−k1pia1(t))·s
N ]
= ω
m2τ+(m1+m2)t
′
N ·N.
Hence, |
N−1∑
s=0
R˜
C
(a1,k1,m1)
s ,C
(a2,k2,m2)
s
(τ)| ≤ N for all 0 ≤ τ ≤
N − 1, (a1, k1) 6= (a2, k2) and 1 ≤ m1,m2 ≤ N − 1.
Hence, the theorem follows.
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